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ABSTRACT
Recent statistical studies of observational data unveil relevant correlations between
whistler fluctuations and the anisotropic electron populations present in space plas-
mas, e.g., solar wind and planetary magnetospheres. Locally, whistlers can be ex-
cited by two sources of free energy associated with anisotropic electrons, i.e., temper-
ature anisotropies and beaming populations carrying the heat flux. However, these
two sources of free energy and the resulting instabilities are usually studied indepen-
dently preventing a realistic interpretation of their interplay. This paper presents the
results of a parametric quasilinear study of the whistler instability cumulatively driven
by two counter-drifting electron populations and their anisotropic temperatures. By
comparison to individual regimes dominated either by beaming population or by tem-
perature anisotropy, in a transitory regime the instability becomes highly conditioned
by the effects of both these two sources of free energy. Cumulative effects stimulate the
instability and enhance the resulting fluctuations, which interact with electrons and
stimulate their diffusion in velocity space, leading to a faster and deeper relaxation of
the beaming velocity associated with a core heating in perpendicular direction and a
thermalization of the beaming electrons. In particular, the relaxation of temperature
anisotropy to quasi-stable states below the thresholds conditions predicted by linear
theory may explain the observations showing the accumulation of these states near
the isotropy and equipartition of energy.
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1 INTRODUCTION
Two prominent sources of free energy are revealed by the
velocity distributions of plasma particles in space plasmas,
i.e., temperature anisotropies and beaming (or strahl) pop-
ulations (Pilipp et al. 1987; Crooker et al. 2003; Sˇtvera´k
et al. 2008; Vin˜as et al. 2010; Tong et al. 2019a). These
anisotropies are at the origin of various instabilities enhanc-
ing the wave fluctuations and turbulence detected at kinetic
scales (Sahraoui et al. 2009; Bale et al. 2009; Alexandrova
et al. 2013; Wilson III et al. 2013). In collision-poor plasmas
from space, the kinetic wave fluctuations play major roles,
interacting resonantly with plasma particles and triggering
not only their relaxation (Saito & Gary 2007; Shaaban et al.
2016; Gershman et al. 2017; Lazar et al. 2018b; Lo´pez et al.
2019; Shaaban et al. 2019a) but also the wave energy dis-
sipation at small scales (Leamon et al. 1998; Saito et al.
2008; Parashar et al. 2009; Goldstein et al. 2015). In the
? E-mail: s.m.shaaban88@gmail.com
present paper we investigate the whistler fluctuations (Ken-
nel & Petschek 1966; Gary et al. 1975; Gary 1993; Shaaban
et al. 2018a; Lazar et al. 2019), also known as electromag-
netic electron cyclotron modes (Cuperman 1981), and focus
on the instability of these modes, cumulatively driven by
(counter-)beaming electron populations and their tempera-
ture anisotropy. In this case linear theory shows significant
changes of the instability conditions and growth rates (Lazar
et al. 2008; Shaaban et al. 2018a), motivating the interest
for an extended quasilinear (QL) study to characterize the
long-term evolution of growing fluctuations which interact
with electrons and contribute to their relaxation. The ob-
served whistler fluctuations have not only a sufficiently wide
frequency width but also low amplitudes, comparing to the
background magnetic field B0, i.e., δB2 << B20 (Tong et al.
2019a,b), which give more credits to a QL approach to pro-
vide valid descriptions of these fluctuations and their action
back on anisotropic electrons. A QL approach may there-
fore help to understand the observations of whistler like
fluctuations which are often associated with combinations
© 2019 The Authors
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of counter-beaming electron populations and their temper-
ature anisotropies, see Tong et al. (2019a,b).
The most popular is probably the whistler instability
driven by the electrons with anisotropic temperature T⊥ > T‖
(where ⊥ and ‖ denote directions with respect to the mag-
netic field) (Gary & Wang 1996), recent studies showing
also implications in the solar wind conditions (Sˇtvera´k et al.
2008; Lazar et al. 2018a; Bercˇicˇ et al. 2019; Shaaban et al.
2019b). Thus, the fact that instability thresholds shape the
observed temperature anisotropy of the non-drifting elec-
tron populations is an indirect proof of the constraining
role that this instability may play in space plasmas (Sˇtvera´k
et al. 2008; Lazar et al. 2018a; Bercˇicˇ et al. 2019; Shaaban
et al. 2019b). QL studies and numerical simulations confirm
indeed the relaxation of anisotropic electrons to the same
quasi-stable states predicted by the linear thresholds (Sar-
fraz et al. 2016; Yoon 2017; Kim et al. 2017; Shaaban et al.
2019b). However, the highest number of solar wind data con-
centrate below these thresholds, at lower anisotropies, and
are usually explained invoking a collisional relaxation (Salem
et al. 2003; Sˇtvera´k et al. 2008), although particle-particle
collisions become less efficient in the solar wind with increas-
ing the heliospheric distance (e.g., at 1 AU and beyond).
On the other hand, the beaming or strahl population
carrying the electron heat flux in the solar wind (Maksi-
movic et al. 2005; Pagel et al. 2007; Gurgiolo et al. 2012;
Bercˇicˇ et al. 2019) is often associated with the enhanced
fluctuations self-generated (locally) by the so-called whistler
heat flux (WHF) instability (Gary et al. 1975; Gary 1985;
Shaaban et al. 2018a,b; Tong et al. 2019a; Shaaban et al.
2019a; Lo´pez et al. 2019). In this case the instability con-
ditions are markedly restrained, e.g., to low beaming ve-
locities, and to a strahl population less dense but hotter
than the main ele/ctron population (Gary 1985; Shaaban
et al. 2018b). That may explain difficulties encountered in
describing the long-term evolution of the WHF instability
(Shaaban et al. 2019a; Lo´pez et al. 2019). However, recent
reports from QL analysis Shaaban et al. (2019a) and nu-
merical simulations (Lo´pez et al. 2019) have explained the
saturation of WHF instability by two synchronous effects,
namely, a minor relaxation of the relative drifts combined
with a small temperature anisotropy (Tb, ‖ & Tb,⊥) effectively
induced to the beaming population. The observations con-
firm the existence of these whistler fluctuations showing also
evidences of their suppression even for a moderate temper-
ature anisotropy (Tong et al. 2019a,b). These recent results
suggest that WHF instability cannot efficiently scatter and
isotropize the strahl electrons, and therefore it cannot regu-
late the electron heat flux in the solar wind (Shaaban et al.
2019a; Lo´pez et al. 2019; Kuzichev et al. 2019). However,
these results undermine long-established thoughts which in-
voke this instability to explain long series of observations
showing the decrease of relative density and pitch-angle scat-
tering of the electron stahl with heliospheric distance (Mak-
simovic et al. 2005; Pagel et al. 2007; Gurgiolo et al. 2012;
Bercˇicˇ et al. 2019), and also an electron heat-flux below a col-
lisional level (Bale et al. 2013), not consistent with the con-
ventional Spitzer-Ha¨rm predictions (Spitzer & Ha¨rm 1953).
The mechanisms involving the self-induced instabilities need
therefore further exploration in order to understand their
implications and explain the observations. Here we assume
less idealized conditions, which combine beaming electron
populations with intrinsic temperature anisotropies (Vin˜as
et al. 2010; Tong et al. 2019a) and may, thus, trigger new
regimes of whistler instabilities (Lazar et al. 2008; Shaaban
et al. 2018a).
Such unstable states have been described in linear the-
ory. For instance, if whistler instability is mainly driven
by temperature anisotropy of electrons (e.g., T⊥ > T‖), the
growth rates are inhibited by (increasing) the relative drift
between electron core and beam populations (Lazar et al.
2008; Shaaban et al. 2018a). On the other hand, the influ-
ence of temperature anisotropy on the WHF instability de-
pends on the nature of that anisotropy. Thus, linear growth
rates are stimulated when beaming population (subscript b)
exhibit T⊥b > T‖b, but instability is inhibited by an opposite
anisotropy T‖b > T⊥b (Shaaban et al. 2018a). However, a
linear approach cannot describe more complex effects deriv-
ing from the saturation of the instability and the effects of
the enhanced whistler fluctuations back on electron velocity
distributions.
Here we present a QL analysis able to characterize
not only the linear growth, but the long-term evolution of
the whistler-like instability resulting from the interplay of
(counter-)beaming electron populations and their temper-
ature anisotropy. Our results enable to identify the con-
tribution of these instabilities to the relaxation of electron
distributions, quantifying the time variations of both these
sources of free energy. In section 2 we briefly introduce
the linear and QL theory of whistler instabilities for such
complex conditions of plasma electrons. Numerical solutions
for the WHF instability under the effects of temperature
anisotropies of the beam and core populations are discussed
in section 3.1. In section 3.2 we analyze the complemen-
tary regime of whistler instability mainly driven by temper-
ature anisotropies, but under the influence of small (counter-
)drifts which may alter predictions made for the temperature
anisotropy limits of nondrifting plasma populations. Section
4 summarizes the results of the present study and discusses
their importance, in particular, for a better understanding
of the observed whistler-like fluctuations and their potential
implications in the isotropization of electrons in the solar
wind.
2 QUASI-LINEAR APPROACH
In a workframe fixed to protons the counter-moving electron
populations, namely, the core (subscript ”c”) and the beam
(subscript ”b”) are generically described by the velocity dis-
tribution
fe(v⊥, v‖) =
nc
n0
fc
(
v⊥, v‖
)
+
nb
n0
fb
(
v⊥, v‖
)
, (1)
where nb/ne = δ and nb/ne = 1 − δ are relative number den-
sities and n0 ≡ ne = nc +nb ≈ np is the total density. In order
to investigate the cumulative effects of electron beams and
temperature anisotropy, we assume the electron populations
described by drifting bi-Maxwellian distribution functions
fj (v⊥, v‖) =
1
pi3/2α2⊥ jα‖ j
exp
©­­«−
v2⊥
α2⊥ j
−
(
v‖ −Uj
)2
α2‖ j
ª®®¬ , (2)
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with thermal velocities α⊥, ‖ j (t) =
√
2kBT⊥, ‖ j/mj defined
in terms of the kinetic temperature components, perpen-
dicular (T⊥) and parallel (T‖) to the stationary magnetic
field B0. Parallel drifting velocities Uj are conditioned by
ncUc + nbUb = 0, in order to maintain a zero net current.
For a collisionless and homogeneous electron-proton
plasma, the whistler modes manifest instabilities with max-
imum growth rates for propagation parallel to the station-
ary magnetic field, i.e. k × B0 = 0. For the parallel electro-
magnetic modes the instantaneous linear dispersion relation
reads (Gary 1985; Shaaban et al. 2018a)
c2k2 = ω2 +
∑
j
ω2e
[
ξjZ
(
ζj
)
+
(
T⊥j
T‖ j
− 1
) {
1 + ζjZ
(
ζj
)}]
, (3)
where k is the wave number, ωe = (4pin0e2/me)0.5 is the
electron plasma frequency, ω ≡ ωr + iγ is the wave frequency
(represents the complex solution of the dispersion relations),
c is the speed of light, T⊥j, /T‖ j ≡ Aj is the temperature
anisotropy, ξj =
(
ω − kUj
)
k−1α−1‖ j , and
Z
(
ζj
)
=
1√
pi
∫ ∞
−∞
e−x2
x − ζj dt, =
(
ζ±j
)
> 0 (4)
is the transcendental plasma dispersion function (Fried &
Conte 1961) of argument
ζj =
ω −Ωe − kUj
kα‖ j
.
In a quasi-linear (QL) formalism, the general kinetic
equation for the electron distributions in the diffusion ap-
proximation takes the following form (Yoon 2017)
∂ fj
∂t
=
ie2
4m2
j
c2 v⊥
∫ ∞
−∞
dk
k
[(
ω∗ − kv‖
) ∂
∂v⊥
+ kv⊥
∂
∂v‖
]
× v⊥δB
2(k, ω)
ω − kv‖ −Ωj
[(
ω − kv‖
) ∂
∂v⊥
+ kv⊥
∂
∂v‖
]
fj (5)
with the spectral wave energy of the fluctuations δB2 de-
scribed by the wave kinetic equation
∂ δB2(k)
∂t
= 2γkδB2(k), (6)
where γk is the instantaneous growth rate of whistler in-
stabilities derived from Eq. (3). The time evolution of the
macroscopic moments of the eVDFs such that the tempera-
ture components T⊥, ‖ j of beam (subscript ”j = b”) and core
(subscript ”j = c”) and their drift velocities Uj is then gov-
erned by the following QL kinetic equations
dT⊥j
dt
=
1
2
∂
∂t
∫
dv mjv2⊥ fj (v⊥, v‖) (7a)
dT‖ j
dt
=
∂
∂t
∫
dv mj (v‖ −Uj )2 fj (v⊥, v‖) (7b)
dUj
dt
=
∂
∂t
∫
dv v‖ fj (v⊥, v‖) (7c)
The QL approach used in the present study is based on
these equations. For the sake of completeness, including full
mathematical derivations of Eqs. 7, the interested reader
may refer to previous studies by Moya et al. (2011), Yoon
(2017), Shaaban et al. (2019a,b) and refs therein.
3 NUMERICAL SOLUTIONS
In this section we solve the QL equations 7 and 6 numer-
ically for four different sets of initial macroscopic plasma
parameters (at τ = 0), namely, cases 1, 2, 3, and 4.
Case 1 : Ab(0) = 0.95, 1.0, 1.2, Ac(0) = 1.0, ub(0) = 0.6,
Case 2 : Ac(0) = Ab(0) = 0.95, 1.0, 1.2, ub(0) = 0.6,
Case 3 : ub(0) = 0.0, 0.55, 0.7, Ab(0) = 3, Ac(0) = 1,
Case 4 : ub(0) = 0.0, 0.55, 0.7, Ab(0) = Ac(0) = 3,
and δ = 0.05, βb(0) = 0.4,Tb(0) = 10 Tc(0),W(k) = 5 × 10−6,
u j = µ−0.5Uj/vA, where µ = mp/me = 1836 is the proton-
electron mass ratio and vA = 2 × 10−4c is the proton Alfve´n
speed. QL analysis enables us to study temporal profiles of
the enhanced wave fluctuations associated with the instabil-
ity saturation, as well as their back reaction on macroscopic
plasma parameters such as the beam and core plasma be-
tas (β‖b,c , β⊥b,c), temperature anisotropies (Ab,c), and the
corresponding drift velocities (ub,c).
3.1 Whistler heat-flux instability
Here we focus on the unstable WHF solutions resulted as a
cumulative effect of the relative drift velocities of the beam
and core components and their temperature anisotropies. In
cases 1 and 2 we adopt initial conditions favorable to WHF
instability by assuming small temperature anisotropies for
both the beam and core populations.
3.1.1 Case 1 – anisotropic beam electrons, Ab(0) , 1
Initial plasma parameters are carefully selected in this
case, adopting relatively small anisotropies Ab(0) ≡
β⊥ b(0)/β‖ b(0) = 0.95, 1.2, and a small plasma beta
β‖ b(0) = 0.4 for the beam, which guarantee the dominance
of WHF instability and to avoid a major effect of the temper-
ature anisotropy driven instabilities. Thus, Figure 1 shows
temporal (τ = |Ωe |t) evolutions of the parallel (red) and per-
pendicular (blue) plasma beta parameters for the the beam
(β‖,⊥ b) and for the core (β‖,⊥ c), their drift velocities (ub,c),
and the associated magnetic wave energy (δB2/B20) for three
initial conditions given by different temperature anisotropies
Ab(0) = 0.95 (left), 1.0 (middle), 1.2 (right). For reference to
previous studies, in the middle panels we consider the case of
an initially isotropic beam (Ab(0) = 1.0). The saturation of
the WHF instability occurs from a concurrent effect of a rel-
atively small relaxation of drift velocities with temperature
anisotropies induced in the beam and core electrons (Shaa-
ban et al. 2019a). For Ab(0) > 1.0 the instability develops
faster and magnetic wave energy reaches a maximum level
almost four times higher than that obtained for beams with
Ab(0) = 1. The enhanced fluctuations determine in this case
more pronounced effects on the electron populations, e.g.,
faster and deeper relaxation of the beaming velocity, and
enhanced selective cooling or heating of the core and beam
populations. The relaxation of the beaming velocity remains
however modest, but we may expect more stable distribu-
tions after saturation. Thus, for Ab(0) = 1.2 the relaxation
shows a quite interesting evolution, including a significant
decrease of this anisotropy reaching an isotropic state Ab = 1
before changing to opposite anisotropy Ab(tm) < 1.0, later at
MNRAS 000, 1–11 (2019)
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Figure 1. Case 1: Effects of the initial beam temperature anisotropies Ab (0) = 0.95, 1, 1.2 on the instability and saturation of the whistler
wave energy (δB2/B20), and the relaxation of the plasma beta parameters (βb, ‖,⊥ and βc, ‖,⊥), and the drift velocities
(
ub,c
)
.
τ = τm. Figure 2 displays the normalized eVDFs correspond-
ing to the QL run in case 1 with Ab(0)=1.2 (see Figure 1),
as contours in (v⊥/c− v‖/c)−velocity space (left and middle)
and their parallel cuts fe(v‖/c) (right panel) at initial τ = 0
(red) and τ = τm (blue) after saturation. Shown are the fol-
lowing contours 10−3, 5 × 10−3, 10−2, 0.02, 0.045, and 0.95.
Indeed, Figure 2 indicates only a minor relaxation of the
beaming velocities, see the slightly visible difference between
red (τ = 0) and blue (τm) dashed lines, and shows the eVDF
changing the anisotropy due to thermalization in parallel di-
rection (blue solid line in the left panel). This may explain
the induced temperature anisotropy of the beam component.
As one can see in the middle panel, compared to initial state
the eVDF becomes less asymmetric in perpendicular direc-
tion and therefore more stable against WHF instability.
3.1.2 Case 2 – anisotropic core electrons, Ac(0) , 1
In case 2, we adopt the same initial plasma parameters as in
case 1, but with anisotropic core populations Ac(0) = Ab(0) ,
1. Shaaban et al. (2018a) have shown that growth rates of
the WHF instability are only slightly changed under the in-
fluence of the core anisotropies, e.g., Ac(0) = 0.7 − 1.6, see
Fig 1 therein. Here in Figure 3 we display temporal profiles
of the wave energy density and the electron plasma parame-
ters, which remain the same as in case 1, excepting the core
MNRAS 000, 1–11 (2019)
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Figure 2. Contours (left and middle panels) and parallel cuts (right) of the eVDF at initial τ = 0 (red) and final τm (blue) stages from
the same QL run for case 1 with Ab (0) = 1.2 in Fig. 1.
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Figure 3. Case 2: The same as in Figure 1, but with initially anisotropic core Ac (0) = Ab (0).
plasma beta β‖,⊥c . In all these cases, the core population
gains energy (heating) in perpendicular direction, as shown
by the increase of the perpendicular component of plasma
beta parameter (blue), but loses energy (cooling) in parallel
direction (red), see Figure 3.
3.2 Whistler temperature anisotropy-driven
instability
In this section we consider different conditions of whistler
instability (WI), as driven by sufficiently large temperature
anisotropies Ab(0) ≡ βb ⊥(0)/βb ‖(0) = 3.0. In addition, an
initial finite drift is assumed between core and beam that
may induce important effects on the enhanced wave fluctua-
tions, inclusive on their saturation and macroscopic plasma
parameters. By contrast to recent studies of WI (Shaaban
et al. 2019b), which consider only small beaming velocities,
i.e. ub 6 0.5, here we assume ub(0) > 0.55, for which the
WHF mechanism is expected to contribute to the instability
leading to enhanced electromagnetic fluctuations. First, in
case 3, we minimize the effects of the core population, consid-
ering it isotropic, i.e., Ac(0) = 1.0, in order to isolate the drift
effects on the WI driven by the temperature anisotropy of
beaming population. In the second part, in case 4, we exam-
ine the effects introduced by the core anisotropy Ac(0) > 1.0.
3.2.1 Case 3 – counter-beaming electrons, uc,b(0) , 0
Fig. 4 presents temporal evolution of the initial plasma pa-
rameters in case 3, for three different initial beaming ve-
locities ub(0) = 0.0 (left), 0.55 (middle), 0.7 (right). For
reference to previous studies, in the left panels we con-
sider the case of an initially non-drifting electron popula-
tions with uc,b(0) = 0.0. The development of WI can regu-
late the initial temperature anisotropy of the beaming elec-
trons, through the heating and cooling processes reflected
by parallel (red) and perpendicular (blue) components of
the electron plasma beta (β‖,⊥,b). After the saturation of
WI, i.e. at τm, the beam electrons are less anisotropic, i.e.,
Ab(τm) & 1, and may be at the origin of a WHF effect (Shaa-
ban et al. 2018a). Initially isotropic (Ac(0) = 1.0) the core
electrons are subjected to parallel cooling (red) and perpen-
dicular heating (blue), as shown by the core plasma beta
parameters (β‖,⊥,c), ending up with a small anisotropy in-
duced in perpendicular direction, i.e. Ac(τm) & 1.0. For suf-
ficiently large initial drifts ub(0) > 0.55, temporal profiles
of the macroscopic plasma parameters for both the beam
and core populations, as well as the associated magnetic
wave energy (δB2/B20) are markedly changed. An increase
of the initial beaming velocities ub(0) , 0.0, stimulates the
heating and cooling processes for both the beam and core
populations leading to higher levels of magnetic wave en-
ergy after the instability saturation. For instance, an initial
beaming velocity ub(0) = 0.55, increases the relaxation of
the beam anisotropy, making the beam electrons isotropic
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Figure 4. Case 3: Effects of the initial beam drift velocity uh (0) = 0.0, 0.55, 0.7 on the whistler wave energy
(
δB2/B20
)
, and the relaxation
of the plasma parameters: plasma
(
βb, ‖,⊥ and βc, ‖,⊥
)
, and drift velocities
(
ub,c
)
of the beam and core components.
Ab(tm) = 1.0 at later stages τm. For initial beams with higher
velocities, i.e., ub(0) = 0.7, their initial anisotropy Ab(0) = 3
decreases passing through isotropic state Ab(τ) = 1 before
reversing the anisotropy to Ab(tm) < 1.0, later at τm. The in-
duced temperature anisotropy reached by the core electrons
Ac(τm) > 1.0 increases for initial beams with higher veloc-
ities. It is important to mention that the relaxation of the
anisotropic distributions, e.g., in Figures 1 and 4, is a com-
plex process involving a reduction of the beaming velocity
but at the same time a redistribution of kinetic energy by
thermalization, heating or cooling of electron populations.
Instead, the magnetic wave energy increases monotonously
reaching a peak of saturation, and then decreases. This dy-
namical variation in the wave energy may be a common
feature for the long-term evolution of a multi-component
plasma, not only in theory (Seough & Yoon 2012; Kim et al.
2017; Lazar et al. 2019) but also in hybrid and PIC simu-
lations (e.g., Shoji et al. (2009); Bortnik et al. (2011); Kim
et al. (2017); Lazar et al. (2019)), when the amplitude of
the developed fluctuations is small enough to prevent non-
linear effects but still allow for differential interactions with
electron populations, leading in this case not only to a re-
laxation of beaming velocity, but also to core heating and
beam thermalization. In numerical simulations the physical
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Figure 5. Contours (left and middle panels) and parallel cuts (right) of eVDFs at τ = 0 (red) and τm (blue) from the same QL run for
case 3 with ub (0) = 0.7 in Fig. 4
interpretation of this behavior is often attributed to the re-
absorption of wave energy after saturation, a phase which
remains weakly nonlinear or even quasilinear (QL) if well
reproduced by the QL approaches (see also the explanations
in Seough & Yoon (2012), based on a competition between
the damped and amplifying ranges within the integration
over wave-number k, like in our Eq. (5)).
Based on the linear theory predictions both WHFI
and WI are expected to develop with the same dispersive
characteristics if the initial beaming velocity is sufficiently
large ub > 0.5, and the beam temperature anisotropy is
Ab(0) > 1.2 (Shaaban et al. 2018a). However, linear the-
ory cannot identify the active regimes of these instabilities
from their long-term interplay. It is a QL analysis that may
provide evidences for each of these WI or WHFI regime, and
enables us to understand the interplay between different de-
grees or sources of free energy in the plasma system. For
non-drifting electron populations ub,c(0) = 0.0 (serving as a
reference) the temperature anisotropy of beaming electrons
Ab(0) ≡ β⊥,b/β‖,b = 3.0 is partially relaxed by the enhanced
fluctuations associated with the pure WI saturation, and
this population ends up with lower but finite temperature
anisotropy Ab(τm) = 1.53 at later stages, see left-top panel
of Figure 4. Initial beaming velocities ub(0) , 0.0 deceler-
ate the relaxation process by a factor of ∼ 3 for ub = 0.55
and ∼ 6 for ub = 0.7 compared to nondrifting case ub = 0.0,
see gray lines in the middle- and right-top panels. This de-
lay confirms the linear theory predictions for the inhibiting
effect of counter-beams on the WI (decreasing the growth
rates of WI by increasing the beaming velocity), see fig. 3
in Shaaban et al. (2018a). In other words, for ub = 0.55 and
ub = 0.7 the beam electrons need longer time to reach the
same final anisotropy as for ub = 0.0. WHFI becomes oper-
ative and the relaxation of the beam anisotropy, as well as
the wave energy density, both resemble the time evolution
of a pure WHF in Figure 1 (right panels). As an evidence
for the WIFI active regime, we observe the relaxation of the
drift velocities for both the beam and core electrons only be-
yond the gray lines indicating the separation of two distinct
regimes.
Figure 5 displays contours of the eVDFs (left and mid-
dle panels) and their parallel cuts fe(v‖/c) (right) at initial
τ = 0 (red) and final τm (blue) stages, corresponding to the
results from the QL run in case 3 with ub(0) = 0.7, see right
panels in Figure 4. It is clear that after the instability satura-
tion the eVDF is markedly different compared to the initial
state, the beam electrons exhibit a small anisotropy in par-
allel direction and display a lower drift velocity. As a result,
the eVDF at τm is less asymmetric and more stable against
whistler instabilities.
3.2.2 Case 4 – drifting anisotropic core and beam
electrons
Figure 6 describes temporal evolution of the same initial
plasma parameters assumed in case 3, but under the influ-
ence of an initially anisotropic core with Ac(0) = Ab(0) = 3,
which we name case 4. Again, we observe a reduction of tem-
perature anisotropies, as well as drift velocities, but within
a faster evolution explained by the higher levels of wave en-
ergy density (δB/B20). Initially anisotropic, the core electrons
have direct consequences on how the drift velocity affects the
temporal profiles of the plasma parameters, contrasting, for
instance, with the results in Figure 5. The core electrons,
initially with Ac(0) = 3.0, determine a lower effectiveness of
the drift velocities on the resulting instability, e.g., in the
relaxation of temperature anisotropy, but may boost the re-
laxation of the beam and core drift velocities. These results
are consistent with predictions from linear theory that shows
similar cumulative effects, i.e., markedly enhanced growth-
rates, from the interplay of the core and beam anisotropies
and their relative drifts (Lazar et al. 2018a; Shaaban et al.
2019b). The same growth rates of the WI are stimulated by
the drift velocities, while the WHFI is only slightly enhanced
by the core anisotropy (Shaaban et al. 2018a).
3.2.3 Electron temperature isotropization in the solar
wind
Fig. 7 displays contours of temperature anisotropy (Aj)
thresholds derived for finite maximum growth rates
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Figure 6. Case 4: The same as in Figure 3, but with initially anisotropic core Ac (0) = Ab (0) = 3.0.
γm/|Ωe | = 10−3, close to the marginal condition of sta-
bility (i.e. γ → 0), and in terms of parallel plasma beta
β˜‖ j ≡ nj β‖ j/n0. In order to confirm the constraining ef-
fect on plasma particles these thresholds are usually com-
pared with the limits of temperature anisotropy measured
in space plasmas at time scales larger than those character-
istic to kinetic instabilities (Sˇtvera´k et al. 2008; Lazar et al.
2017; Shaaban et al. 2019b,c; Bercˇicˇ et al. 2019). Here we
refer only to beaming electrons (i.e., j = b), which are less
dense but hotter than the core, and therefore more suscep-
tible to deviations from isotropy. Contours of WI thresholds
are fitted to an inverse power-law (Lazar et al. 2015; Shaa-
ban et al. 2019b)
Ab = 1 +
a
β˜ d‖b
(
1 − r
β˜ s‖b
)
, (8)
conditioning the anisotropy of the beam population (Ab) of
the corresponding plasma beta (β˜‖b ≡ nb β‖b/n0). Fitting
parameters a, d, r, and s tabulated in Table 1. These thresh-
olds offer a plus of information regarding the variation of the
instability growth-rates with different plasma parameters, in
this case not only as a function of β˜‖b, but also as a func-
tion of the core parameters, and the relative beaming veloc-
ity (ub). Parametrization used in the present analysis is in-
spired from the observations in the solar wind (Maksimovic
et al. 2005; Sˇtvera´k et al. 2008; Pulupa et al. 2014; Tong
et al. 2019a; Bercˇicˇ et al. 2019), where slow winds are usu-
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Figure 7. Dynamical paths in parametric space (Ab, β˜‖ b) for
beaming electrons for two initial conditions, Ac (0) = 1.0 (top)
and Ac (0) = Ab (0) (bottom). Initial conditions are shown with
purple filled circles, while final states are indicated with blue,
green, and red filled circles. The magnetic wave energy density is
color-coded. Contours corresponding to the anisotropy thresholds
of WI are plotted for different beaming velocities ub = 0.7 (red),
0.55 (green), 0.0 (blue). Serving as a visual guidance, the thresh-
old condition for the EFH instability (blue-dashed line) is taken
from Shaaban et al. (2019c) for non-drifting electron populations.
ally associated with lower beaming velocities, e.g., ub ' 0.0,
and more energetic events like fast winds or coronal mass
ejections may be characterized by higher beaming velocities
ub =0.55, 0.70. In the present notation, beaming velocity
ub = 0.7 implies Ub ≈ 30 vA and Uc ≈ 1.6 vA. Two panels
in Figure 7 correspond to different initial conditions, respec-
tively, to Ac(0) = 1.0 (top) and Ac(0) = Ab(0) = 3.0 (bottom).
The anisotropy thresholds of WI show a uniform variation
increasing with ub and confirming the inhibiting effects of
the relative drift (Shaaban et al. 2018a). For anisotropies
Ab < 1, in the bottom-right corner, we show the threshold
(γm/Ωp = 10−2) of the parallel firehose instability (Shaa-
ban et al. 2019c), as an indication for the lower limits of
anisotropy expected from the observations.
However, the instability thresholds predicted by linear
theory may have a reduced relevance for instabilities resulted
from the interplay of two plasma components (Shaaban et al.
2019a; Lo´pez et al. 2019), as also in our present case. Such
that, for the sake of completeness, in Figure 7 we have added
the results from our QL analysis, by considering 18 different
combinations of initial conditions, implying different tem-
perature anisotropies and parallel plasma betas. The initial
conditions in cases 3 and 4 are multiplied by three differ-
ent initial plasma betas β‖b(0) = 0.4, 1.0 and 3.0 (implying
β˜‖ b = 0.02, 0.05, 0.15). QL evolutions are shown as dynami-
cal paths starting from initial positions, marked with purple
filled circles, and ending after the instability saturation at
final positions, shown with blue, green, and red filled circles
corresponding to the initial drift velocities ub(0) = 0.0, 0.55,
and 0.7. The wave energy density (δB2/B20) is coded with a
rainbow color scheme. In the top panel the core electrons are
considered initially isotropic, in order to isolate the effects
of drift velocities on the dynamical paths of temperature
anisotropy. For ub = 0.0 final positions align perfectly to the
corresponding anisotropy threshold predicted for WI (blue
solid line) by the linear theory. For the other cases of finite
ub(0) = 0.55 and 0.7, the initially counter-streaming elec-
tron components may dramatically change the dynamical
paths, which become longer to markedly lower temperature
anisotropies approaching the isotropy Ab = 1, or even below,
changing to the opposite regime of Ab . 1. With increasing
parallel plasma beta the dynamical paths become longer for
u = 0.0, while shorter for higher ub = 0.55 or 0.7.
Bottom panel in Figure 7 show the case of an initially
anisotropic core with Ac(0) = 3. For the sake of comparison,
with smaller circles filled in gray, white, and black we also
show the final states obtained in top panel. Again, dynam-
ical paths for ub = 0.0 end up exactly on the corresponding
WI threshold predicted by linear theory, but for ub , 0.0 the
final states may slightly change, remaining however much be-
low the corresponding linear thresholds and approaching a
quasi-stable regime closer to Ab ∼ 1.0. To be more exact, we
can specify that for ub , 0.0, the temperature anisotropy of
the core population, Ac(0) = Ab(0) = 3.0, determines slightly
shorter dynamical paths, in agreement with the results in
Figure 6. One possible explanation already mentioned in
the previous sections is given by the interplay of different
sources of free energies, which may trigger different instabil-
ity mechanisms, i.e., WI or/and WHF, of the same branch
of whistler modes (same dispersive characteristics). Their
cumulative effects may lead to enhanced fluctuations and
more efficient effects of these fluctuations on the relaxation
of anisotropic electrons.
These results may therefore offer a valuable alternative
explanation for the observations of electron populations in
the solar wind, which show the most stable states accumulat-
ing (highest number of events) nearly isotropic temperatures
(A ∼ 1) (Sˇtvera´k et al. 2008; Lazar et al. 2017). The relative
drift between different electron populations may exist even
in the slow winds, and may therefore play a certain role in
this case. Even the high-density core in the central popula-
tion (subscript j = c) may respond to kinetic instabilities,
which constrain their large deviations from isotropy (Sˇtvera´k
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et al. 2008; Lazar et al. 2017). In this case the accumulation
of quasi-stable states close to isotropy and equipartition of
energy is usually attributed to another cumulative effect of
binary collisions at lower heliospheric distances (e.g., in the
outer corona), quantified by the so-called collisional age of
plasma particles (Salem et al. 2003; Sˇtvera´k et al. 2008).
However, the electrons are much lighter and much faster
than protons, and an explanation of their dynamics may
not directly rely on the expansion and transport of the solar
wind.
4 CONCLUSIONS
Counter-beaming populations of electrons are ubiquitous in
the solar wind, and their interplay with the temperature
anisotropies cannot be ignored (Sˇtvera´k et al. 2008; Vin˜as
et al. 2010; Tong et al. 2019a). Recent studies show that lin-
ear properties of whistler instabilities (i.e., WI and WHF, see
above) are markedly affected the interplay of these sources
of free energy (Shaaban et al. 2018a; Tong et al. 2019a).
However, a linear approach is limited and cannot distin-
guish between different mechanisms responsible for insta-
bility or stabilization of enhanced fluctuations of the same
plasma modes. We have carried out an advanced QL study
of the whistler instabilities based on a parametric numerical
analysis describing such complex (but less idealized) condi-
tions resembling solar wind electron observations. Contrast-
ing to previous studies, which restricted only to simplified
approaches, e.g., (counter-)beaming Maxwellian populations
with isotropic temperatures (Shaaban et al. 2019a; Lo´pez
et al. 2019) or non-drifting populations with anisotropic tem-
peratures (Sarfraz et al. 2016; Lazar et al. 2018a), our results
describe the long-term evolution of whistler instability under
the cumulative effects of both these sources of free energy. In
this case we can talk about more than two distinct regimes
of the unstable fluctuations, the one controlled mostly by
the electron strahl (or electron heat flux) beam, the comple-
mentary regime dominated by the temperature anisotropy
of beaming electrons, and an intermediary regime. A cumu-
lative or intermediary regime can be identified when desta-
bilizing effects of electron beam and of (small) temperature
anisotropies are comparable, leading to highly stimulated
fluctuations, and implicitly to a more efficient relaxation of
the beaming electrons. Thus, our present QL analysis may
provide a more realistic perspective enabling to understand
more complex mechanisms responsible for the whistler fluc-
tuations and their implications in the observations, see for
instance Tong et al. (2019a,b).
In section 3.1 we have adopted two sets of initial plasma
parameters, i.e. cases 1 and 2, both favorable to the WHF
instability. For an electron beam hotter but less dense than
the core and with drift velocity lower than thermal speed the
WHF instability can be self-generated (Gary et al. 1975;
Gary 1985; Shaaban et al. 2018a). The QL temporal evo-
lution of the wave energy density (δB2/B20) and plasma
parameters (core and beam drift velocities uc,b, and beta
parameters β⊥j , β‖ j) are highly conditioned by the initial
anisotropy of the beam population (Figure 1). A small (ini-
tial) anisotropy in perpendicular direction, i.e. Ab(0) = 1.2,
stimulates the instability and the resulting wave energy den-
sity, which determines a faster and deeper relaxation of the
drift velocity, and induces a higher anisotropy to the core
(Ac > 1). Parallel thermalization of the electron beam be-
comes also more pronounced leading to a complete relax-
ation of temperature anisotropy (Ab = 1), and later to a flip
to opposite anisotropies (Ab < 1 or β⊥,b < β‖,b). If present,
the initial anisotropy of the core has only a minor influence
on the WHF fluctuations, including their saturation and the
variation of plasma parameters (Figure 3).
Section 3.2 investigates plasma conditions more favor-
able to WI, mainly driven by the temperature anisotropy,
e.g., cases 3 and 4. Initially isotropic (Ac(0) = 1.0, case 3),
the core electrons gain energy from the enhanced WI fluc-
tuations, and become anisotropic in perpendicular direction
at later stages, i.e., Ac(τm) > 1.0. An initial relative drift
ub , 0 is another key factor that may stimulate the enhanced
fluctuations and implicitly the relaxation of the anisotropy
through pitch-angle scattering leading to effective perpen-
dicular cooling and parallel heating of beaming electrons.
The relaxation of temperature anisotropy becomes more
pronounced in this case (Figure 4), and for more energetic
beams (ub = 0.7) may end up with an opposite anisotropy
after saturation. Temporal evolutions of the enhanced fluctu-
ations and the macroscopic plasma parameters suggest tran-
sitions from one regime to another. For ub(0) > 0.55, at early
stages dominant is WI and the beam anisotropy is partially
relaxed (Ab(0) > Ab(τ) > 1) by the enhanced WI fluctua-
tions, while at later stages WI is saturated and apparently
the WHF instability becomes operative, leading to a com-
plete relaxation of the temperature anisotropy (Ab(τm) . 1).
An initially anisotropic core Ac(0) = Ab(0) = 3.0 (case 4) re-
duces the instability effect of beaming electrons, but may in-
crease the level of the fluctuating magnetic field, confirming
a cumulative WI of the core and beam anisotropies predicted
by linear theory.
As another related application of our QL approach, in
section 3.2.3 we have considered the problem of tempera-
ture isotropization in the solar wind. In the observations
of electron populations the highest number of events accu-
mulate at the quasi-stable states nearly isotropic temper-
atures (A ∼ 1), and below the instability thresholds pre-
dicted by linear theory (Sˇtvera´k et al. 2008; Lazar et al.
2017). Figures 7 compares these thresholds derived from lin-
ear theory and dynamical paths of the beam anisotropy from
our QL computations. For non-drifting electron populations
u j (0) = 0 the final positions of the dynamical paths settle
down, exactly on the corresponding anisotropy thresholds,
while for u j (0) , 0 the dynamical paths extend below the lin-
ear anisotropy thresholds to very small anisotropies which
approach the isotropy conditions Ab . 1. To conclude, our
present findings suggest that whistler instabilities cumula-
tively driven by multiple sources of free energy are expected
to contribute to a more efficient relaxation of the anisotropic
electrons, and may therefore provide a valuable alternative
explanation for the isotropization of the solar wind electrons.
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